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Abstract 

Let A be a unital separable simple infinite-dimensional nuclear C*-algebra with at least 
one tracial state. We prove that if the trace space of A has compact finite-dimensional ex- 
treme boundary then there exist unital embeddings of matrix algebras into a certain central 
sequence algebra of A which is determined by the uniform topology on the trace space. As 
an application, it is shown that if furthermore A has strict comparison then A absorbs the 
Jiang-Su algebra tensorially. 

1 Introduction 



The following is the main result of this paper. 



Theorem 1.1. Let A be a unital separable simple infinite- dimensional nuclear C* -algebra with at 
least one tracial state. Suppose that the extreme boundary ofT(A) is a compact finite- dimensional 
space. Then for any k G N there exists a unital embedding of the k by k matrix algebra into a 
variant of the central sequence algebra of A defined by 



A'n ll 00 (N,A)/{(a n ) n £l 00 (N,A): lim max rial o») = 0} 

Y n-s-oo r gT(A) 

Here, we denote by T(A) the set of tracial states of A which is called trace space in [JO], and 
we identify A with the C*-subalgebra of equivalence classes of constant sequences. As a main 
application of this theorem, we present the following result. Once we know the above theorem, the 
proof of this corollary can be obtained in the same way as the proof of [TU Theorem 1.1]. 

Corollary 1.2. If A andT(A) satisfy the same conditions in the above theorem, then the following 
are equivalent: 

(i) A® Z = A. 

(ii) A has strict comparison. 

(iii) Any completely positive map from A to A can be excised in small central sequences. 

(iv) A has property (SI). 
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2 A generalization of dimension drop algebras 



The unital embedding in the main theorem will be constracted as a factorization through a kind 
of dimension drop algebra in Definition 12.21 The aim of this section is to introduce a gener- 
alization of dimension drop algebras and to obtain the universality of A^fe. 

Throughout this section, we fix a separable infinite-dimensional Hilbert space % and consider 
two unital separable nuclear C*-algebras Ai, i = 0, 1. A completely positive contraction from Ai 
to B(H) is called order zero (or disjointness preserving) if it preserves orthogonality, |29j . [30) . Let 
hi be the set of all order zero completely positive contractions from Ai to B(H) for each i = 0,1, 
and let 

A = {(f Q ,(fii) £ A x Ai 

: [ipo(aa),(pi(ai)] = for any a t G A u i = 0, 1, and ¥>o(L4 ) + PiO-aJ = ^b{h)}- 

We define two maps <j?i : Ai — > © AeA H, i = 0, 1, by 

ifii(a) = (J) Vi,\{a), o6i,, i = 0,l. 

(V0,A,Vl.A)eA 

Then it follows that tpi, i = 0,1, are also order zero completely positive contractions such that 
[^o(ao), ^i(ai)] = for any a; G A u i = 0, 1, and tp (l Aa ) + (fi(l Al ) = 1. We denote by I(A , A t ) 
the C*-subalgebra of -B((J) A H) generated by ^o(^o)U<^i(A 1 ). It is not hard to check that I(A ,Ai) 
satisfies the universal property for the relations in A. 
Letting 

I{A Q ,A 1 ) = {feC{[0,l])®A o ®A 1 : /(0) G A <g> l Al , /(l) G l Ao ® A,}, 

we have the following lemma. The argument in the proof is a slight generalization of [131 Propo- 
sition 7.3], and [25l Proposition 2.5]. 

Lemma 2.1. 

(i) I(Aq, Ai) is isomorphic to I(A$, A\). 

(ii) If both Aq and A\ contain Mk unitally then I(Aq,Ai) also contains Mf. unitally. 

Proof of (i). First, we define z £ I{A , A{) and <fi : Ai — > I(A , A{), i = 0, 1 by z(t) = tl Ao ®l Al G 
Aq (g> Ai for t £ [0, 1], and 

<A)(o) = (1 — z ) a ® lyli for a £ Aq and <fii(a) = zl Ao <8> a\ for a G A\. 

It follows that ifi : Aj — > /(Ao,Ai), i = 0,1, are order zero completely positive contractions 
satisfying [tpo(ao), ipi(ai)] = for G A4, i = 0,1, and tpo(l A „) + ipi(l Al ) — 1. Taking a unital 
faithful representation of I(A , Ai) on % we regard I(A , A{) as a unital C*-subalgebra of B(H), 
thus this means that (^0,^1) £ A. Let $ : I{A^,Ai) — > /(Ai^A^ be the *-homomorphism 
defined by the canonical projection -B(0 AeA "%) — !• determined by (ip ,ipi) £ A. From these 

definitions we have 

$ o ifi(a) = ipi(a) for a £ Ai, i = 0,1. 

Now we havelm($)(0) = A ®l Al , Im($)(l) = l Ao ^A 1: and Im($)(i) = A a ® A 1 for t £ (0, 1), 
where we set B{t) = (f(t) : f £ B} for a C*-subalgebra B C I(A ,Ai) and £ G [0,1]. Then by 
partitions of unity in C*({z}) = C([0, 1]), the standard argument implies that $ is surjective. 

Because ifi, i = 0, 1 preserve orthogonality, by 29, Theorem 2.3] or 30, Theorem 2.3], we 
obtain the *-homomorphism 7Tj : Ai — > I(A , A{)" C S(0 AeA "H), i = 0,1, such that 

[m(a),{pi(l Ai )] = and ^i(a) = ^(IaJ • for a G Aj, i = 0, 1. 
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Indeed, these 7Tj(a) were constructed as the strong limit of fnifii^-Ai)) ■ V-j (a) for some positive 
functions /„ G C([0,oo)), neN. Then we also have [7r (a ), 7r 1 (a 1 )] = for aj G A i; i = 0, 1. Set 
p = tt ® 7Ti : A ® Ax ->• 7(A , Ax)" and set 7r t : 7(A , A x ) -> A (8 A x as 7T t (/) = /(£) for t G [0, 1] 
and / G I(A , Ai). 

For a pure state oj of 7(Ao,Ai), let (7r w ,W w ) be the GNS-representation associated with w. 
Since ^(l^J, i = 0,1, are in the centre of I(A ,Ai) we obtain scalar values t u ,% G [0, 1], i = 0,1, 
such that ta»,»ls(-H w ) = ^(^(IaJ) and i Wi o + = 1- Because for any nonzero x G I(Aq, A\) + 
there exists a pure state w x such that 7r U!c (a;) > 0, in order to show that $ is injective, it suffices 
to show that 

K u {x) = 7T W o p O TT tui l o $(a;), 
for any x G (Ao, Ai) and pure state u of /(Ao, Ax). When x = ^i(di) for ai G A* we have 
7r w (x) = 7r w o iri(t Uti ai) = 7r w opo7r twil ° ^(a,) = 7r w opo-jr^^ o 

Since J(Ao, Ai) is generated by <J5o(Ao) U ^i(Ai) and n^, o p o n tu 1 o $ is a *-homomorphism we 
conclude that ^ = ^0^0 7r taj , o $. □ 

Proof of (ii). Let <£>i : Mfc — > Ai, i = 0,1, be given unital embeddings. We denote by u G 
Mfc ® Mfc the self-adjoint unitary such that Kdu(x ® y) — y ® a; for x, y G A/fc, and we let 
u G C([0, 1]) (X) Mfc ® Mfc be a path of unitaries such that 2(0) = 1, u(l) = u. Then the unital 
*-homomorphism $ : Mfc — > C([0, 1]) ® Aq ® Ai defined by 

= id C ([o,i]) Adu(l C ( [0) i]) ® x <8> l fe ), 

satisfies Im($) c 7(A ,Ai). □ 

Definition 2.2. For d, fc G N, we inductively define a unital C*-algebra Ad,fc by 

A ±k = J(A d -i,fe, Mfc), A ,fc = Mfc. 

In the proof of the main theorem, we shall see that this Ad,k can be embedded into the quotient 
algebra in Theorem 1 1.1[ and this d corresponds to the covering dimension of d e (T(A)). 

Corollary 2.3. 

(i) A^fc is isomorphic to the universal C* -algebra on generators {e/^ : I = 0, 1, ...,d } i = 
1,2, ...,k} satisfying taht: 

d k 

Z2z2 e ii e l,i = 1 : e hi e *,j = s i,j e if l = 0,l,...,d, i,j = 1,2, k, 

1=0 i=l 

[ei,i, e m j] = 0, I ^ m, i, j = 1, 2, k. 

(ii) Ad,fc contains Mfc unitally. 

Proof, (ii) is straightforward from (ii) of Lemma 12.11 

For d, k G N, let Wd,fc be the universal C*-algebra in the corollary and let {ef) : I = 0, 1, d, i = 
1,2, ...,k} G Ud,k be a set of generators satisfying the relations in (i). Because of the universal 
property of Ud,k and Uo y k — Mfc, in a similar fashon to the proof of [28l Proposition 4.1.1] we can 
obtain order zero completely positive contractions (po ■ Ud-\,k Md,k and (pi : Mfc — ¥ lAd.k such 
that ^o(e ; (d j _1) ) = e|f for / = 0, l,...,d- 1, i = 1,2, ...,k, ¥>i(ej,°]) = efj for i = 1,2, ...,fc, and 
(<Po,<Pl) G A. Set ^0 : U d -\M -> I(U d -iM,M k ) and ipt : M fe I(U d -i,k,J^h) as the above. By 
the universality of I(Ud-i,k,Mk) there exists a *-homomorphism $ from I(Ud-i,k, Mfc) onto W^fc 
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such that $((pi(x)) — fi(x), i = 0,1. On the otherhand {</>o( e [i U {^i( e o°i)}» satisfies the 

relations for Ltd,k, then we have a unital *-homomorphism $ : W^fc — > I(t(d—i,ki ^k) wich satisfies 
*(e|J) = ^o(eg _1) ) and *(e^J) = ^i(eg) for i = 0,1,..., d- 1, i = 1,2,...,*:. These $ and * 

imply that U d .k = I(Ud-i,k, M k ). 

When d = the statement is trivial. Assume that we have seen the statement for d — 1, 
Le., A d -i,k = Ud-i,k- By Lemma [24] it follows that A difc = I(A d -i,k,M k ) = I(U d -i,k,M k ) = 
I(Ud-i,k, Mk)- Then (ii) follows from the induction. □ 



3 Central sequence algebras and tracial states 

In this section, we recall the notion of central sequence algebras and prove Corollary 13.31 which is 
one of the fundamental lemmas to study central sequences and tracial states. In what follows we 
let A be a separable simple C*-algebra with at least one tracial state. Define 

\\a\\ T = r(a*a) 1/2 , r £ T(A), a £ A, \\a\\ 2 = sup ||a|| T , a £ A, 

tET(A) 

c = {(a„)„ G Z°°(N,A) : lim || a „|| = 0}, c t0 - {(a„)„ G i°°(N, A) : lim ||a„|| 2 = 0}, 

n— >oo n— >cx3 

- ?°°(N, A) I co, A? = Z°°(N, A)/cto, 

(see also [501 Section 2]). Since c C c t o, we can regard j4£° as the quotient algebra of A°°. We 
identify A with the C*-subalgebra of A°° (resp. A%°) consisting of equivalence classes of constant 
sequences. We let 

Aoo = A°° n A', A too = A? n A'. 

This is called the central sequence algebra of A for C*-algebras. A sequence (a n ) n G 
Z°°(N,A) is called a central sequence if ||[a n ,x]|| -> as n -> oo for any a; G A. A central 
sequence is a representative of an element in A^. In 1 , B. Blackadar introduced the notion of 
strict comparison (for projections) by taking into consideration the uniform topology on the trace 
space of C*-algebras. M. R,0rdam adapted that strict comparison in order to apply Goodearl- 
Handelman's Hahn-Banach type theorem |llj . and he proved that Z-absorption implies strict 
comparison in [23], |24j . For this reason, we define the above 2- norm || • H2 by the uniformness on 
T(A). 

Proposition 3.1. Let A be a unital nuclear C* -algebra. Then for any finite subset F of A and 
e > there exist unitaries Ui,v,2, ...,iizv of A such that 



1 N 

— ^Ad Ml (a), b 



< e, for all a,b G F. 



Proof. A. Connes showed that any injective von Neumann algebra on a separable Hilbert space 
is approximately finite dimensional (AFD) [2]. Based on this result, G. A. Elliott generalized it 
for any von Neumann algebra [7]. E. G. Effros and C. Lance showed that A** is injective if A is 
nuclear [5]. Combining their results we can see that A** is AFD, i.e., for a finite subset F of A** , a 
finite subset G of A* +: and e > 0, there exist a finite dimensional subalgebra B of A** and bf G B, 
for / G F such that 

||/-6/||«,<e/6 for all / G J> G G, 



here we define ||x||J, = y/ (x*x + xx*)/2 for x £ A** , ip G which induces the strong* topology. 
By adding 1^.* — 1b, if necessary, we may assume that any unitary of B is a unitary in A. To show 
the claim, we may assume that any / G F is self-adjoint and ||/|| < 1. Thus we also obtain bf G B 
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as a self-adjoint element of B satisfying the above condition for / G F. And by the argument in 
the proof of Kaplansky's density theorem, we can obtain bf g B as a self-adjoint element of B with 
HMI — 1- Actually, since the continuous function g(t) — max{min{t, 1}, —1}, t G R is a strongly 
continuous function (see [22j Proposition 2.3.2] for example) it suffices to consider g(bf). 

Since the convex hull of the unitary group is norm dence in the unit ball for any C* -algebra 
[26], there exists a finite subset Fb of unitaries in B such that 

min{||6/ — a;|| : x € conv(Fg)} < e/8. 

Since B is finite-dimensional, for e > there exists another finite subset D of unitaries in B and 
permutations aj, Fb, of D such that 

\\d-b-a b (d)\\ <e/8 for b G F B , d G D. 

The precise argument of this technique is written in [16[ Lemma 3.6]. Set N = \D\ G N. For any 
contraction a € A and b G Fb we have 

|| [1 ]T d*ad,b}\\ < 1|| £ d*aa b (d) - ^(d)*^! + e/4 = e/4. 

From this, it follows that for any contraction a £ A 

|| [— E d*ad,x]|| < e/4 for a; G conv(F B ), 

deD 

\\[±-J2 d * ad ' b AW <e / 2 for/Gi^. 

Then, for ip G G, / G F, and a G A with ||a|| < 1 we have 

\<p([j;'E<rad,f])\ 
deD 

< Mi^ E d * ad > M)l + E d * ad (/ - + 1^ E(/ - b f )d*ad)\ 

d d d 

<s/2 + 2^/2\\f-b f \\l<e. 

By Kaplansky's density theorem there exists a net e\, A G A of unitaries in A such that eA 
converges to d G A** strongly*. Then e* x ae\ converges to d*ad strongly for any a £ A. Thus, 
for finite subsets F C A and G C A* + we obtain unitaries a G A, d G D, satisfying that: for all 
a, 6 G F 

i^E e > e ^])i 

deD 

< \<p([j; E d * ad ' + 1^ E ^(( e / ae <i - d * ad ) b )\ + \jj E ^(e/ae d - <f ad))| < e. 

d d d 

Let -B(A, A) be the Banach algebra of all bounded operators from A to A, Cq the convex hull 
of {Adit : u is a unitary in A} in _B(A, A), and let 

C = {([*(o),6]) (0i6) € ®A:$eC }. 

_FxF 
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Note that C is also a convex set in the C*-algebra ® FxF ^4- The above argument means that 
the weak closure of C C ® FxF A contains G (Bp xF A. Actually, what we do is as follows: 
For any <p G A*, by the Jordan decomposition, we have ipj G A*,, j — 1,2,3,4 such that <p = 
Ej=i( 1 /-T) J Vj- Identifying (0 FxF A)* with FxF A*, we let G be a finite subset of FxF A*. 
Apply the above argument to F C A, G — {(p( a ,b) j ■ ¥ € G, a, 6 G F, j = 1,2,3,4}, and e/(2|.F|) 2 , 
then there exists f G Co such that 

W{a,h) j(Ma),b})\ < e/(2\F\) 2 , for y G G, a, G F, j = 1,2,3,4. 

This implies 

4 

^(([*(o),6]) (0)i) )| = | J2 V(.,6)([*(«).6])|< E £i*w) *([*(«)>&])! <e for ^^ 

a,6G-F a,6eFj'=l 

Therefore the Hahn-Banach theorem shows that is contained in the norm closure of C. This 
means for any e > there exists $ € Co such that || [$(a), 6]|| < e for a,b 6 F. □ 

Remark 3.2. (In the proof of the above proposition, the required 3>o G Co is heavily depend on 
double-dealing of a finite subset F of A. So this proposition is much weaker than the strong 
amenability defined by B. E. Johnson [15].) 

Corollary 3.3. Let A be a unital separable nuclear C* -algebra with at least one tracial state. Then 
for any a G A there exists a central sequence a„ £ A, n € N such that \\a n \\ < ||a|| and 

T (a) = r(a„) for any r <G T(A) and n G N. 

Proof. Since A is separable there exists an increasing sequence F n , n G N of finite subsets of A 
such that UneN C A is dense in the operator norm topology. Let e n > 0, n G N, be a decreasing 
sequence which converges to 0. Applying Proposition ^ . 1 1 to {a}L)F n and s n > we obtain unitaries 
Wn,i, i = 1, 2, A„ in A satisfying the condition in Proposition 13. II We define 

l Nn 

a n = Ad u n ,i(a), n G N. 
iV " i=i 

These a n G A, n G N satisfy the required conditions. □ 

4 Orthogonality on the compact extreme boundary 

In this section, we give a simple main technical tool Lemma 14.21 concerning multiplicativity and 
orthogonality on the compact extreme boundary d c (T(A)). 

Recently, by using the next proposition M. Dadarlat and A. S. Toms investigated the dimension 
functions on the compact finite-dimensional extreme boundary of trace space, ( in the proof of [31 
Lemma 4.4]). This result was essentially based on the works by D. A. Edwards [6], J. Cuntz and G. 
K. Pedersen [3], and H. Lin [17]. The starting point of our proof of Lemma 14.21 is this proposition. 

Proposition 4.1. Let A be a unital separable simple infinite- dimensional C* -algebra with at 
least one tracial state. Suppose that d e (T(A)) is compact. Then for any positive function f G 
C(d (T(A)) there exists a sequence a n , n G N of positive elements in A such that 

lim max |r(a„) — fir)] = and ||aJ| < ||/|| for n G N. 
ra->oo T £d e (T(A)) 
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Proof. First, in the study of Choquet simplex it turns out that if a Choquet simplex K has 
compact extreme boundary d c {K) then the natural restriction map from the continuous affine 
functions Aff(ii') to C{d e (K)) is isometric isomorphism [5], see also [TU1 Corollary 11.21]. Then 
for a given positive continuous function / and e > 0, there exists a continuous affine function 
F f , e G AS(T(A)) such that F ftS \ de{T{A)) = / + e. 

In [3], we have seen that T(A) = (A/Ao)* , where Ao was defined as the linear space generated 
by {a*a — aa* : a G A}. Since Ff tE is a w*-continuous function of (A/Ao)** it follows that 
Ff >£ G A/Aq. Then there exists a representative a'* s € A of i 7 /^ such that ||a* J| = ||-P/,e|| = 
ll/H + e. By r(a'j E ) > for any r G T(A) and [3J Corollary 6.4], we obtain a/ iE G A + such that 
r(o/ j£ ) = r(ay E ) = /(r) + £ for any r G From [3l Theorem 2.9], we may obtain the condition 

ll a /,e|| < 11/11 + 2e, the same argument appears in the proof of [111 Theorem 9.3]. By taking a 
decreasing sequence e n > 0, n € N which converges to and taking a small perturbation of df yCn 
we obtain a„ G A + , n£N satisfying the desired conditions. □ 

In the following lemma, (i) is a variant of |181 Lemma 4.6] and (ii) is a version of [191 Lemma 
3.2] for the uniform topology on d c (T(A)). 

Lemma 4.2. Let A be a unital separable simple infinite-dimensional C* -algebra. Suppose that 
d c (T(A)) is compact. Then the following hold: 

(i) For any central sequence (f n )n G Aoc and aei, it follows that 

lim max |r(/„a) - r(/ n )r(a)| = 0. 

(ii) Moreover, if A is nuclear, for mutually orthogonal positive functions fi G C(d c (T(A))), 
i = 1,2,...,N there exist central sequences (ai,n)n; i — 1,2,..., A 7 of positive elements in A 
such that 

lim max \T(a i n ) - /i(r)| = for i = 1, 2, iV, and lim ||aj „a,- „|| = for £ ^ j. 

n-i-oo T g0 o (T( J 4)) rn-oo 

Proof of (i). Since A is separable, <9 C (T(A)) is a compact metric space. In what follows we denote 
by da metric of d c (T(A)) and let B(t,s) = {a G <9 e (T(A)) : d(cr,r) < e} for r G 5 C (T(A)) and 
e > 0. To show (i), without loss of generality, we may assume that ||a|| < 1, ||/„|| < 1 for n G N, 
and the Lipschitz constant of d c (T(A)) 3 r n- r(a) is less than one. 

Since d c (T(A)) is a compact metric space, for e > and r G <9 c (7Xyl)) there exists a positive 
contraction / G C(<9 C (T(A))) such that /o|s(r ,e/i6) = 1 an d the diameter of supp(/) is less than 
e/4, and there exists a partition of unity C C(d c (T(A))) such that the diameter of supp(/-) 

are less than e/4. Set fi = //(l — /o), £ = 1, 2, N. Thus we see that {fi}f =0 is also a partition 
of unity. By changing subscript i — 1,2,..., N, if necessary, we may assume that /; / for all 
£ = 1, 2, A. Set a = r and <t 4 G /^((0, 1]) for each £ = 1,2, A. 

By Proposition 14.11 there exist sequences cii. n G A, n G N, £ = 0, 1, ...,N of positive elements 
such that max T ga o ( r ( / i)) \i~(ai_ n ) — fi(r)\ —¥ as n — > oo and ||<Zi, n || _• 1- Then, by taking a large 
neNwe obtain positive contractions <Zj G A, £ = 0, 1, A such that 

max |r(ai) - /i(T)| <e/(8(JV+l)) for £ = 0, 1, TV, 

T69e(T(A)) 

AT 

max^ |r(a - y"Vi(a)ai)| < max^ |r(a) - f7 i (a)|/ i (r) + |<Ji(a)| • |/i(r) - r(ai)| 

c 2—0 i 

< Lip(a)e/4 < e/4. 

AT 

Set a positive element a' — ai(a)ai G A. From the Krein-Milman theorem it follows that 

4=0 

max |r(a — a')\ < e/4. 

r£T( J 4) 
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Because of Cuntz-Pedersen's theorem [3] (see also the proof of [TBI Lemma 4.6]) we can obtain 
Uj E A, j = 1, 2, M such that 



M M 

\a - y^UjUjW < e/4, \\a' - y]v,jUj\\ < e/4. 



Since (/„)„ is a central sequence there exists n Ta G N such that for n > n To and a G T(A), 

M 

<r(afn) ~ £ /4 a(^2ujUjf n ) « e / 8 <r(^ UjU*jf n ) w e / 4 a(a'/n) 

2=1 2 

JV 

= ^cTj(a)cr(ai/ n ). 

By the definition of /o we have fi{u) = <5i,o f° r c G -B(to,£/16) and i = 0, l,...,iV, then for 
(j € B(tq, e/16) and n 6 N it follows that 

- ^,0c(/ n )| = \a((ai - <$i,o)/n)| 

= \a((-l) Si '°( ai - 8 il0 )f n )\ < \<T(ai - 5i, )\ ■ \\f n \\ < e/(8(JV + l)). 
From this, for n > n To and er e B(tq, e/16) we have 

|ff(o/«) - <r(o)cr(/ n )| < |<r(o/ B ) - 7a(a)ff(/ n )| + |r (a) - a(a)| < 3e/4 + e/16 < e. 

By the compactness of d e (T(A)), there exist n, rg, tj, € 9 e (T(il)) such taht £?(rj,e/16) D 

9 e (T(A)). Taking n Ti € N, i = 1, 2, L like n ro in the above argument, we define m — max ^n Ti . 
Then if n > m we conclude that 

l r (a/«) - T ( a ) T (fn)\ < e. 

□ 

Proof of (ii). By Proposition [4Tj we obtain sequences of positive elements b\ n G A, i = 1, 2, iV, 
n £ N such taht 116' _|| < ll/JI and lim max Irffc-J - /i(r)| = 0. By Corollary S3] there 

exist central sequences b' inm , m G N of positive elements in A such that ||fri, n . m || < ||&i n || and 
T(&i,n,m) = T {b'in) f° r * = 1)2,—,-^) € N, and r € Since A is separable, we can take 

a subsequence m n G N, n G N such that (6i, n ,m„)n G ^oo for i = 1,2, ...,N. Let 6^ in = bi t n !mn , 
i = 1,2, ...,JV, n G PJ. Nowwe have sequences of positive elements 6j,n G A, such that < II /ill > 

(y»e4, and lim max |t(&; , n ) - /;(t)| = 0. 

n->oo tS9o(T(A)) 

By (i) and taking subsequences of (6i ) „) n inductively we may assume that 
lim max |r(6,- „6,- „) — r(b,- n )r(6,- n )| = for i ^ j. 

Then it follows that 

lim max \T(b i n bj „)| 

= limmax|r(6i >n 6j>) - r(6i >n )r(6 J - ! „)| + |r(6i )n )r(6j,„) - /»(r)/j(r)| = for i 7^ j. 
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In the following argument, we will provide the orthogonality of {(bi jTl ) n }fL 1 in the operator 
norm sense. Let g m (t) = min{l,mt} for t G [0, oo) and m G N. Define central sequences (ri^ n ) n 
and (a ijn , m ) m by 

r = 6 1/2 (V&- )b 1/2 

a t , n , m = b\^(l - g m {n,n))b] /2 . 

Note that a irim < bi n for any i = 1,2, N, n,m G N. Since max r(bi n bj „) — > as n — > oo 

redJT(A)) • Jt 

for i ^ j, it follows that for any k 6 N 

max r{r k l n ) < \\f t \\ ■ \\f j \\) k - 1 ■ maxT^f),,^^) -> 0, n -> oo. 

Then for any m G N 

max r(6 i>n - ai, n , m ) < || ■ max r(p m (r», n )) ->• 0, n ->• oo. 

tG3 s (T(A)) t 

Furthermore, for i = 1,2, AT, i ^ j, n G N we have 

1 1 ^i,n,m^j,n,m || ll./jll ' || ^i,n,m^j,n,m^i,n,m 1 1 ^ ll/ill ' 1 1 ^i,n.m ^j,n)^i,n,m || 

< H/fll ' WfjW ■ \\^~9m(n,n)Hn\\ < \\fi\\ ' H/jH/"*. 

Since (ai ) n, TO )n G for m G N, we can find an increasing sequence (m n ) n of natural numbers 
such that m„ — > oo as n — > oo, max r(bi „-dj„ m ) — )> as n — > oo, and (a; „ m )„ G Aqo. 

rea o (T(A)) ' _ ' ' 

Consequently a,i_ n — ai^ n ^ mn , n G N satisfy the desired conditions. □ 



5 Proof of the main theorem 

In this section, we give a proof of Theorem 11.11 The following lemma and its proof is inspired 
by techniques for C(Jf )-algebras from (T2J Theorem 4.6] and [5J Theorem 0.1]. Recently, these 
techniques were developed by A. S. Toms and W. Winter to show Z-absorption of the crossed 
product C*-algebras by minimal homeomorphisms on compact finite-dimensional spaces [2 7) . Their 
proof as well as ours relies heavily on the condition of finite covering dimenion. It might be 
interesting that in this lemma the number of completely positive maps corresponds to the covering 
dimension of d c (T(A)). 

Proposition 5.1. Let A be a unital separable simple nuclear C* -algebra. Suppose that d c (T(A)) 
is compact and d — dim(d c (T (A))) < oo. Then for any k G N there exist order zero completely 
positive maps (pi : Mk — > A^oo, Z = 0,1, ...,d such that 

d 

^</j;(1/c) = 1 and [ipi(a), ip m (b)} = for l^ m, a,b G Mk- 

1=0 

Proof. Since d c (T(A)) is compact and metrizable, we can see that the covering dimension d co- 
incides with the inductive dimension of d e (T(A)) by [5TJ CH.4, Theorem 5.4]. This means that 
for any finite open covering {Ui}f =1 of d c {T{A)) there exists another open covering {Vi}f =1 such 

that n^i 2 Vi, = for {tjj^ti C {1, 2, A^}, ^C^for^ 1, 2, N, and dim(bd(^)) <d-l 
for i — 1,2, ...,N, where we denote by bd(AT) the (topological) boundary of a set X, [21] CH.3, 
Proposition 1.6, and CH.4, Section 2]. We shall show the statement by the standard induction for 
boundaries. 
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Let c e Z + be such that c < d. We assume that for any closed subset Bq C <9 c (T(A)) with 
dim(£?o) < c there exist completely positive maps ip^ n ■ Mk — > A, Z = 0,1,..., c— 1, n £ N such 
that 



(ii) lim ||V'i,n(^)V';,n(y)|| = for positive elements x,y G Mk with x • y = 0, 

(iii) lim || [■;/;; )tl ,(x), a] || =0 for x € Mk,a e A, 

(iv) lim || [V>i,n (a), Vw*^)]!! =0 forlorn, i.yG M fc , and 



(v) lim max 

n— >oo t£B 



i-X>,n(i*; 



i=0 



0. 



Recall that both covering dimension and the inductive dimension of are defined as —1. So, if 
d = we regard B = and this assumption is automotically true. Let B be a closed subset of 
d c (T(A)) with dim(B) — c, F a finite subset of contractions in A, and e > 0. In order to complete 
the induction, it suffices to show that: There exist completely positive maps ip^ n : Mk — > A, 
Z = 0,1, c, n £ N such that 



(i) ' $>ui fe ) <u„, 

Vi=0 /„ 

(ii) ' Iimsup||(y5; !rl (x)</J; in (?/)|| < e||x|| • ||y|| for positive elements x, y € with x • y = 0, 

n— >oo 

(iii) ' lim sup 1 1 [<p; in (x), a]||< e||x| for x € Mfe, a 6 F, 

n— *-oo 

(iv) ' lim ||[Vi,n(x), ip m ,n(y)]\\ = for I ^ m, x, y e M fc ,and 

n— >oo 

c 

(v) ' limsupmax||l - ^ ¥>;,„(lfc)||r < £• 



Since A is nuclear, for any r G <9 C (T(A)) we see that the weak closure of A defined by the GNS- 
representation associated with r is the AFD type II i factor von Neumann algebra [2]. Then, by 
the same argument in the proof of [19[ Lemma 3.3] we can obtain a sequence of completely positive 
contractions <p Tt n : Mk — > A, n <E N such that (f T ,n(fl))n & A^ for a <E Mk, ((p Tt n(x)tp Ttn (y)) n = 
in Aqq for positive elements x, y € Mk with x ■ y = 0, and |t(1 — </? T , n (lfc))| -> as n -> oo. Thus 
taking a large n £ N we obtain completely positive maps ip T : Mk — > A, r 6 d c (T(A)) such that 

\\ip T (x)ip T (y)\\ < s\\x\\ ■ \\y\\ for any positive elements x, y € Mk with x • y = 0, 
|| [<p T (x), a] || < e||x|| for x e M fe ,a e F, 
||l-VJ T (lfc)||r < r(l-^ r (l fc )) 2 <£. 

For any r £ c? e (T(A)), set open subsets 

U r = {a G d c (T(A)) : ||1 - v? T (l fc )IU < e >- 
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A" 



Since B C d c (T(A)) is compact, there exist ri, T2, tjv € ^e(T"(A)) such that U Ti D B. 



i=l 



Because the inductive dimension of B is equal to dim(B) = c, there exist relatively open cover- 



c+2 



ing V 1 ,V 2 ,...,V N of B such that V, d U % (1 B, f] V i} = for any {%}^±? C {1, 2, JV}, and 



dim(bd s (Vi)) < c - 1 for i = 1, 2, N. Set B = (J bdu(V$). Note that dim(B ) < c - 1. 



i=l 



By the assumption of the induction we have completely positive contractions tpi n : — > A, 
I = 0,1, ...,c— 1, n £ N satisfying the conditions (i)~(v) for this -Bq- Let e„ > 0, n € N be a 



decreasing sequence such that e n — > and max 



1 - / 



(=0 



< e„ for n E N. Let Wq „, 



n € N be relatively open subsets of B such that W 7 ^ n D -Bq and sup 



1 ~ y^i,n(lfc) 



Z=0 

AT 



Define W/ = F;\ (J V, ■ U £ , i = 1, 2, N inductively, then it follows that |J W( = [j Vi\B 

\j=i J i=i i=i 

and W/ fl Wj = for i ^ j. Note that {Wq } U {W/}£Lj is a relatively open covering of £? for any 
n £ N. It is elementary to see that there exist open subsets Wo, n and Wj of 9 C (T( J 4)) such that 

N 

W , n nB = W^ n , WinB = W(, WinWj=$ fori^j, and |J Wi U W , n D d c (T(A)). 

8=1 

(Actually, in general normal space, it is well-known that every pair of separated F CT sets can be 
devided by disjoint open sets, (see [HI Problem 2.7.2] for example). Now B C d c (T(A)) is a metric 
space, then each {W[}^L l is a F^ set in d (T(A)) and mutually separated, i.e., W[ D Wj = for 
i 7^ j. Thus there exist open sets in 9 e (T(A)) such that Y l n Y,- = 0, i 7^ j, and Y t D W/. It is 
easy to see Wi = Yi\(B\W{) are open subsets of d e (T(A)) such that WiDB = W(.) For any neN 
there exist a partition of unity {fo,n} U {/i.nj^Li C C(<9 (T(A))) such that supp(/o, n ) C Wo, n and 
supp(/i,„) C W,. 

Applying (ii) of Lemma W72\ to {fi, n }iLi f° r each n £ N, we obtain central sequences (dj )niTO ) m , 
i = 1, 2, iV of positive contractions in A such that 

lim max |r(a iin , m ) - „(r)| = 0, lim ||ai jri)rn Oj,„, m || = for i 7^ j, n e N. 

m->cx) re0 o (T( J 4)) m->oo 

Let ao n mi m e N be sequences of positive contractions in A such that 



N 



(a® ,n,m)r 



in Arc for any n S N. 



AT 



Note that ([ao,n,-m> a 



in for i — 1,2, N. From /o, n = 1 — ^ it follows that 



lim max |r(oQ, n ,m) - /o,n(r)| = 0. 

m-KxjT63„(T(A)) 

Then, by the separability of A and by (i) of Lemma we can take a subsequence m„ € N, n G N 
such that 



(a-i) (a iin<mn ) n e for i = 0, 1, N, 
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N 

(a-ii) (S tti,n,m n )n = lj 
i=0 

(a-iii) lim ||aj in , TO „ a,, n ,m„ || = for i,j G {1, 2, iV} with i ^ j, 

n—toa 

(a-iv) lim || [ao, n ,m n , a i,n,m n ] || = for i = 1, 2, JV, 

n— >oo 

(a-v) lim ||[a i ,„, m „,V'j,n(a;)]|| = for i, j = 0, 1, N, x G M fc , 

n— >-oo 

(a-vi) lim max |r(ai n m „) - /i,„(r)| = for i = 0, 1, N, 

n— >oo r£d c {T(A)) 

(a-vii) lim max |r(ao, n ,m n V'i,n(a ; )) - T(a n mn ) ■ T(tp i n (x))\ = for x G Mfc. 

n-s-oo re a G (T( J 4)) 

Finally, we define completely positive maps : Mk — > A, I = 0, 1, c, n G N by 

W,n(a5) = ^n,m n ^n(^) a ofn,m„' i = 0, 1, C - 1, X G Mfc, 
AT 

<^c,n (X) = ^ a!,« 2 ™„ ^r, (x)a-^ mn , X G Mfc. 
i=l 

It is straight forward to check that these positive maps satisfy the desired conditions (i)'~(v)'. □ 

Proof of Theorem ll.ll By Lemma l5.1l and (i) of Corollary |2.3l we obtain a unital *-homomorphism 
from Ad.k to A t0 o- Since A^.fc contains Mk unitally, (ii) of Corollary 12. 31 we can conclude the 
proof. □ 
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